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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DUHVROYHGIRU
VWUHDPIXQFWLRQψ WHPSHUDWXUHGLVWULEXWLRQIXQFWLRQθ DQGQDQRSDUWLFOHVFRQFHQWUDWLRQGLVWULEXWLRQIXQFWLRQσ
E\HPSOR\LQJWKHEXLOWLQURXWLQHIRUVROYLQJQRQOLQHDUERXQGDU\YDOXHSUREOHPVYLDVKRRWLQJPHWKRGXVLQJWKH
FRPSXWDWLRQDOVRIWZDUH0DWKHPDWLFD
7KHFRXSOHGQRQOLQHDUGLIIHUHQWLDOHTXDWLRQVVXEMHFWWRERXQGDU\FRQGLWLRQVDUHVROYHGIRU
VWUHDPIXQFWLRQψ WHPSHUDWXUHGLVWULEXWLRQIXQFWLRQθ DQGQDQRSDUWLFOHVFRQFHQWUDWLRQGLVWULEXWLRQIXQFWLRQσ
E\HPSOR\LQJWKHEXLOWLQURXWLQHIRUVROYLQJQRQOLQHDUERXQGDU\YDOXHSUREOHPVYLDVKRRWLQJPHWKRGXVLQJWKH
FRPSXWDWLRQDOVRIWZDUH0DWKHPDWLFD
$[LDOYHORFLW\
)LJXUHVKRZVWKHEHKDYLRURIYHORFLW\SURILOHXQGHU WKHYDULDWLRQRIFXUYDWXUHSDUDPHWHUκ -HIIUH\
IOXLG SDUDPHWHU λ  ORFDO WHPSHUDWXUH*UDVKRI QXPEHU*U  ORFDO QDQRSDUWLFOH *UDVKRI QXPEHU*F  %URZQLDQ
PRWLRQSDUDPHWHU 1E DQGWKHUPRSKRUHVLVSDUDPHWHU 1W ,WLVQRWLFHGIURPILJXUHWKDWIRUVPDOOYDOXHVRIκ
FXUYHGFKDQQHO WKHYHORFLW\SURILOHVDUHQRWV\PPHWULFDERXWFHQWUDO OLQHRI WKHFKDQQHO  U DQGPD[LPXP
YHORFLW\RFFXUVLQWKHUHJLRQFORVHWRORZHUZDOO+RZHYHUIRUODUJHYDOXHVRIκ VWUDLJKWFKDQQHOWKHYHORFLW\
SURILOHVDUHV\PPHWULFDERXW  U DQGPD[LPXPYHORFLW\DWWDLQVDWWKHFHQWUDOOLQHRIWKHFKDQQHO7KHHIIHFWRI
PDWHULDOSDUDPHWHU λ LQDFXUYHGFKDQQHOLVGHSLFWHGLQILJXUHYLVFRHODVWLFIOXLGVDUHFKDUDFWHUL]HGE\WKHIOXLG
ZLWKODUJHUHOD[DWLRQWLPH7KHSDUDPHWHU λ LVWKHUDWLRRIUHOD[DWLRQWRUHWDUGDWLRQWLPHIRUD-HIIUH\IOXLG,WLV
IRXQG WKDW WKH YHORFLW\ LQFUHDVHVZLWK WKH LQFUHDVH LQ λ LQ WKH UHJLRQ FORVH WR WKH ORZHUZDOO @> −− DQG
GHFUHDVHVLQWKHUHJLRQFORVHWRWKHXSSHUZDOO,QRWKHUZDUGVWKHLQFUHDVHLQ λ LQFUHDVHVIORZUHVLVWDQFHGXHWR
VPDOOUHOD[DWLRQWLPHLQWKHXSSHUSDUWRIWKHFKDQQHODQGGHFUHDVHVIORZUHVLVWDQFHGXHWRODUJHUHOD[DWLRQWLPHLQ
WKHORZHUSDUWRIWKHFXUYHGFKDQQHO,QILJXUHWKHHIIHFWRI*U LVGLVFXVVHG,WLVREVHUYHGWKDWDQLQFUHDVHLQ
*U LQFUHDVHVYHORFLW\LQWKHXSSHUVLGHRIWKHFXUYHGFKDQQHOZKHUHEXR\DQF\IRUFHGXHWRWHPSHUDWXUHJUDGLHQW
GRPLQDWHV WKH YLVFRXV IRUFHZKLOH LW FRQWULEXWHV LQ GHFUHDVLQJYHORFLW\ DV YLVFRXV IRUFHV DUH GRPLQDWHG LQ WKH
ORZHUVLGHRIWKHFXUYHGFKDQQHO)LJXUHGHSLFWVWKDWWKHYHORFLW\GHFUHDVHVZLWKDQLQFUHDVHLQ*F DWWKHXSSHU
ZDOO VLGH DQG WKH YHORFLW\ LQFUHDVHV ZLWK DQ LQFUHDVH LQ*F DW WKH ORZHU ZDOO VLGH 7KH YDULDWLRQ RI 1E RQ
YHORFLW\GLVWULEXWLRQLVVKRZQLQ,WLVQRWLFHGWKDWYHORFLW\LVQRWV\PPHWULFDERXWWKHFHQWUDOOLQHRIWKHFKDQQHO
GXHWRFXUYDWXUH
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)LJXUH9DULDWLRQRI Uσ ZLWK  DQG   W4[ 7φ 
7HPSHUDWXUHGLVWULEXWLRQ
7KHYDULDWLRQRIWHPSHUDWXUHGLVWULEXWLRQIRUGLIIHUHQWYDOXHVRIFXUYDWXUHSDUDPHWHUκ -HIIUH\IOXLGSDUDPHWHU
λ ORFDOWHPSHUDWXUH*UDVKRIQXPEHU*U ORFDOQDQRSDUWLFOH*UDVKRIQXPEHU*F %URZQLDQPRWLRQSDUDPHWHU
1E  DQG WKHUPRSKRUHVLV SDUDPHWHU 1W DUH LOOXVWUDWHG LQ ILJXUH  ,W LV QRWLFHG WKDW WKH SDWWHUQ RI WKH
WHPSHUDWXUHSURILOHVDUHSDUDEROLFDQG WKH IOXLG¶V WHPSHUDWXUH LQFUHDVHV LQ WKHFHQWUDO OLQHRI WKHFKDQQHO7KLV
LQFUHDVHLVGXHWRWKHSUHVHQFHRIYLVFRXVGLVVLSDWLRQWHUPWKHYLVFRVLW\RIWKHIOXLGLQWKHYLVFRXVIOXLGIORZZLOO
JHWNLQHWLFHQHUJ\IURPWKHPRWLRQRI WKHIOXLGDQGFRQYHUWHGLW LQWR LQWHUQDOHQHUJ\RI WKHIOXLG WKDWUDLVHV WKH
IOXLG¶VWHPSHUDWXUH7KLVSURFHVVLVFDOOHGYLVFRXVGLVVLSDWLRQ)LJXUHGLVFXVVWKDWWKHWHPSHUDWXUHSURILOHLV
V\PPHWULF LQ WKH VWUDLJKW FKDQQHO LH IRU ODUJH FXUYDWXUH SDUDPHWHU κ  ZKHUHDV WKH GLVWULEXWLRQV DUH QRW
V\PPHWULF LQ FXUYHG FKDQQHO LH IRU VPDOO FXUYDWXUH SDUDPHWHUκ :H DOVR QRWLFHG WKDW DQ LQFUHDVH LQκ 
GHFUHDVHVθ LH WKH FXUYDWXUH SDUDPHWHU KLJKO\ DIIHFWV WKH WHPSHUDWXUH GLVWULEXWLRQ ,QFUHDVH LQ -HIIUH\ IOXLG
SDUDPHWHUHQKDQFHVWKHWHPSHUDWXUHVHHLQILJXUH%\LQFUHDVLQJWKH λ UDWLRRIUHOD[DWLRQWLPHWRUHWDUGDWLRQ
WLPH WKH UHOD[DWLRQ WLPH LQFUHDVHV DQG WKH UHWDUGDWLRQ WLPH GHFUHDVHV WKDW UDLVHV WHPSHUDWXUH 7KH HIIHFWV RI
WHPSHUDWXUH*UDVKRIQXPEHUDQGQDQRSDUWLFOH*UDVKRIQXPEHURQWKHWHPSHUDWXUHDUHFRQVLGHUHGLQILJXUHV
DQG  ,W LV LOOXVWUDWHG WKDW WKH WHPSHUDWXUH LQFUHDVHV ZLWK LQFUHDVH RI*U DQG GHFUHDVHV ZLWK *F  LH WKH
EXR\DQF\IRUFHVGXHWRWHPSHUDWXUHGLIIHUHQFH*U DQGWKHEXR\DQF\IRUFHVGXHWRFRQFHQWUDWLRQGLIIHUHQFH*F
KDYHRSSRVLWHEHKDYLRUVRQWKHKHDWWUDQVIHUGLVWULEXWLRQ)URPILJXUHVDQGZHFDQVHHWKHEHKDYLRUVRI
1E DQG 1W :HXQGHUVWDQGWKDWWHPSHUDWXUHLQFUHDVHVZLWKDQLQFUHDVHLQWKH%URZQLDQPRWLRQSDUDPHWHUDQG
GHFUHDVHVZLWKWKHWKHUPRSKRUHVLVSDUDPHWHU7KHHQKDQFHPHQWRI%URZQLDQPRWLRQSDUDPHWHUOHDGVWRLQFUHDVH
WKHNLQHWLFHQHUJ\RIWKHQDQRSDUWLFOHVDQGWUDQVIRUPVLWLQWRLQWHUQDOHQHUJ\WKDWUDLVHVQDQRIOXLG¶VWHPSHUDWXUH,W
LVDOVRREVHUYHGWKDWWHPSHUDWXUHGLVWULEXWLRQLVQRWV\PPHWULFWKLVLVGXHWRWKHFXUYDWXUHHIIHFWVLQWKHFXUYHG
FKDQQHOVPDOOFXUYDWXUHSDUDPHWHUκ 
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0DVVWUDQVIHUGLVWULEXWLRQRIQDQRSDUWLFOHV
7KHFRQFHQWUDWLRQRIQDQRSDUWLFOHV IRUYDULRXVSDUDPHWHUV LV H[DPLQHG WKURXJKILJXUHV WRZH
QRWLFHGDVLPLODUWUHQGWKDWWKHHIIHFWRIDSDUDPHWHURQFRQFHQWUDWLRQRIQDQRSDUWLFOHVLVUHODWLYHWRWKHHIIHFWRI
WKDWSDUDPHWHURQWHPSHUDWXUH)LJXUHVKRZVWKDWWKHFRQFHQWUDWLRQGLVWULEXWLRQLQFUHDVHVZLWKDQLQFUHDVHLQ
κ LHWKHFRQFHQWUDWLRQGLVWULEXWLRQLVORZLQFXUYHGFKDQQHODQGLVKLJKLQVWUDLJKWFKDQQHO,WLVDOVRREVHUYHG
WKDW WKH GLVWULEXWLRQ LV QRW V\PPHWULF LQ FXUYHG FKDQQHO ZKHUHDV IRU ODUJH YDOXH RIκ VWUDLJKW FKDQQHO WKH
GLVWULEXWLRQ LV V\PPHWULF LQ WKH FKDQQHO &RQFHQWUDWLRQ RI QDQRSDUWLFOHV GHFUHDVHVZLWK DQ LQFUHDVH LQ λ VHH
ILJXUH)URPILJXUHVDQG LW FDQEH LOOXVWUDWHG WKDW WKHFRQFHQWUDWLRQGLVWULEXWLRQGHFUHDVHVZLWKDQ
LQFUHDVH LQ*U DQG LQFUHDVHVZLWK*F  ,W LVDOVRQRWLFHG WKDW WKHSURILOHVDUHQRW V\PPHWULF7KLV LVGXH WR WKH
FXUYDWXUH HIIHFWV LQ WKH FKDQQHO IRU VPDOO FXUYDWXUH SDUDPHWHU )LJXUH  GHSLFWV VLJQLILFDQW LQFUHDVH LQ WKH
FRQFHQWUDWLRQ RI QDQRSDUWLFOHV ZKHQ WKH YDOXH RI %URZQLDQ PRWLRQ SDUDPHWHU LQFUHDVHV 7KH LQIOXHQFH RI
WKHUPRSKRUHVLVSDUDPHWHURQFRQFHQWUDWLRQRIQDQRSDUWLFOHVLVVKRZQLQILJXUH,WLVIRXQGWKDWWKHHIIHFWRI
1W LVRSSRVLWHWR 1E ,WLVDOVRIRXQGWKDWWKHGLVWULEXWLRQSURILOHVDUHQRWV\PPHWULFDQGWKHGLVWULEXWLRQDWWDLQV
PD[LPXPYDOXHDWWKHZDOOVRIWKHFKDQQHO
&RQFOXGLQJ5HPDUNV
7KH SHULVWDOWLF WUDQVSRUW RI -HIIUH\ QDQRIOXLG XQGHU WKH FRQVLGHUDWLRQ RI EXR\DQF\ DQG YLVFRXV
GLVVLSDWLRQHIIHFWV LQDFXUYHGFKDQQHO LVVWXGLHG/RQJZDYHOHQJWKDQGORZ5H\QROGVQXPEHUDSSUR[LPDWLRQV
DUHXVHGDQGWKHQWKHQRQOLQHDUFRXSOHGHTXDWLRQVDUHVROYHGXVLQJ0$7+(0$7,&$7KHUHVXOWVIRUWKHFDVHRI
1HZWRQLDQIOXLGLQFXUYHGFKDQQHOFDQEHUHFRYHUHGE\WDNLQJ  →λ 7KHSUHVHQWJUDSKLFDOUHVXOWVDJUHHZLWK
WKHSUHYLRXVVWXG\RI>@7KHUHVXOWVIRUWKHFDVHRI1HZWRQLDQIOXLGIORZLQDVWUDLJKWFKDQQHOFDQEHUHFRYHUHG
E\FKRRVLQJ  →λ DQG →κ 7KHUHVXOWVDUHLQJRRGDJUHHPHQWZLWKWKHSUHYLRXVVWXGLHV
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